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A fundamental property of the Standard Model is that the Higgs potential becomes unstable at
large values of the Higgs field. For the current central values of the Higgs and top masses, the
instability scale is about 10'* GeV and therefore not accessible by colliders. We show that a possible
signature of the Standard Model Higgs instability is the production of gravitational waves sourced
by Higgs fluctuations generated during inflation. We fully characterise the two-point correlator of
such gravitational waves by computing its amplitude, the frequency at peak, the spectral index,
as well as their three-point correlators for various polarisations. We show that, depending on the
Higgs and top masses, either LISA or the Einstein Telescope and Advanced-Ligo, could detect such
stochastic background of gravitational waves. In this sense, collider and gravitational wave physics
can provide fundamental and complementary informations. Furthermore, the consistency relation
among the three- and the two-point correlators could provide an efficient tool to ascribe the detected
gravitational waves to the Standard Model itself. Since the mechanism described in this paper might
also be responsible for the generation of dark matter under the form of primordial black holes, this
latter hypothesis may find its confirmation through the detection of gravitational waves.
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I. INTRODUCTION AND DESCRIPTION OF THE SCENARIO

The recent detection of gravitational waves sourced by a spiralling binary system made of two ~ 30Mg black holes
[1] has initiated the era of Gravitational Wave (GW) cosmology [2] and opened a new window to investigate the very
early stages of the evolution of the Universe [3]. In particular, the Laser Interferometer Space Antenna (LISA) project
[4], as well as the Einstein Telescope (ET) [5], Advanced-Ligo [6], and the Cosmic Explorer [7] at larger frequencies,
will search for the stochastic gravitational wave background produced from different mechanisms, possibly identifying
a primordial origin.

In this paper we point out that a stochastic background of gravitational waves may be the probe of one of the most
fundamental properties of the Standard Model (SM) of weak interactions: the SM Higgs instability at high energies.
Within the SM, the Higgs effective potential becomes deeper than the electroweak vacuum for large values of the Higgs
background field when the quartic Higgs coupling A becomes negative [8, 9]. For instance, this happens (by choosing
the current central values of the Higgs and top masses) for Higgs field values of the order of A ~ 10*! GeV. Despite
this metastability condition of our present electroweak vacuum, its lifetime against decay both via quantum tunneling
in flat spacetime or thermal fluctuations in the early Universe is by far longer than the age of the Universe [9, 10].

A natural and interesting question to ask is therefore which kind of physical phenomena might reveal, albeit indi-
rectly, the presence of the SM instability. One option has been described in Ref. [11] and makes use of primordial
inflation [12], the early stage during which the Universe expands exponentially and light fields may be quantum
mechanically excited. The dynamics we consider can be conveniently divided in the following stages:

1. In the first phase the Higgs has an initial value much smaller than the instability scale A. However, if it is lighter
than the Hubble rate H, the classical value of the Higgs h. field keeps receiving each Hubble time kicks of the
order of +(H/2m) and walks randomly. This dynamics is described by the stochastic equation [13]

" . 1
he + 3Hhe + V'(he) = 3Hn,, V(he) ~ —ZAhﬁ, (1)
where 7 is a Gaussian random noise with
H3
(tn(e')) = 56t —t). 2

If the Hubble rate is large enough, the Higgs field can climb over the maximum of the potential and roll down
to the unstable region [13-16].

2. In the second phase the Higgs has been pushed beyond the barrier of its effective potential and finds itself in the
unbounded from below region. The motion starts being classically dominated over the quantum jumps at some
time ¢, if the classical displacement, (Ah)q ~ V’/(3H?) in a Hubble time, is larger than the quantum jumps
(Ah)q ~ H/(2m). This happens if the classical value of the Higgs h. satisfies the relation

3H?

i — 3

P2 3)
During this stage the classical equation of motion reads

he +3Hhe + V' (he) = 0. (4)

For convenience, we will focus on those patches where classicality takes over during the last stages of inflation,
say the last 20 e-folds or so. At the beginning of this phase, the motion of the Higgs is friction dominated,
he < 3Hhe. This happens as long as h2 < 3H?/\ and

h
[1—2X\R2(t —t,)/3H]Y*

he(t) = ()



beyond the barrier

FIG. 1: Evolution of the Higgs field background h. during inflation and reheating.

where t, is the instant at which classicality takes over. When friction is subdominant, h. rapidly increases

he(t) ~ :/[;(tpl—t) (6)

where t,, is the time when the Higgs hits the pole (see Appendix A for more details).

3. The fast motion of the Higgs along the negative part of the potential may cause the patch of interest to experience
an anti-de Sitter geometry which is potentially lethal. However, this situation can be rendered harmless and the
patch end up to be our observed Universe if the reheating temperature Try after inflation is large enough to push
the Higgs back to our current vacuum [11, 16, 17]. This happens because, thanks to the thermal interactions
with the surrounding plasma, the Higgs potential is corrected to the form [16]

1
Vi ~ im%hg, m2 ~ 01272 ¢~he/2rT), (7)

If the reheating temperature is large enough, T3y > AhZ, where he is the value of the Higgs when inflation

ends, then the patch is rescued and the Higgs starts oscillating (with a relativistic equation of state) around the
current electroweak vacuum where it will settle after a while.

Fig. 1 summarises the dynamics of the classical value of the Higgs during the various stages. Meanwhile, the pertur-
bations of the Higgs field are excited and during inflation they satisfy the following equation of motion (in the flat

gauge)

. k2 ; Shy, d [d®,
Ohy, + 3Hhy + —5 6l + V" (he)Shy = amd i (Hh> ; (8)

where a is the scale factor, mp is the reduced Planck mass, and the last term accounts for the backreaction of the
metric perturbations. These perturbations are born inside the Hubble radius with the standard Bunch-Davies vacuum,
Shi(k > aH) = (1/aN/2k)e~"*/*1 and, as soon as their physical wavelength becomes larger than the Hubble radius,
they rapidly grow driven by the rolling down of the Higgs field [11]

H  he(t)
V2K3 I ()

For the wavelengths leaving the Hubble radius the last 20 e-folds or so of inflation, the gauge-invariant comoving
curvature perturbation ¢(Z) is dominated by the Higgs perturbations and reads

Shi(k < aH) = 9)

) 1)
Cr Pl G~ B (10)
p Ph



(still in the flat gauge and we do not write down the subdominant standard component that is responsible for the cosmic
microwave background anisotropies on much larger scales). Since the Higgs energy-momentum tensor is separetely
(covariantly) conserved during inflation, (}, is conserved on super-Hubble scales and freezes in at the value [11]

2
Ch(k < G/H) =0 and Ch(k < GH) = \/%{}.’L(t), k= a(tk>H (11)
c\lk

After inflation ends, there is a fast transient epoch of reheating during which the long wavelength Higgs perturbations
are subject to energy transfer involving the thermal plasma as their effective mass suddenly jumps to its thermal value
induced by the interactions with the plasma. After reheating is over the Higgs perturbations promptly decay into
radiation curvature perturbations which subsequently remain constant on super-Hubble scales as well (see Appendix
C for a more detailed discussion). Upon Hubble reentry, if sizeable enough, these perturbations source high peaks in
the matter power spectrum which collapse to form Primordial Black Holes (PBHs). A first cosmological signature of
the electroweak instability could be therefore that the dark matter (or a fraction thereof) is under the form of PBHs
seeded by Higgs fluctuations during inflation [11]. In this scenario, no physics beyond the Standard Model should be
invoked to explain the dark matter in our observed Universe, but anthropic arguments are necessary to explain the
fine-tuning on the initial conditions.

In this paper we propose that a second signature of the SM instability might be a stochastic background of gravita-
tional waves potentially detectable by the space-based interferometer LISA. Indeed, if there are large Higgs perturba-
tions generated during the last stages of inflation, responsible or not for the PBHs as dark matter, they inevitably act
as a (second-order) source of primordial gravitational waves at horizon reentry. The goal of this paper is therefore to

1. characterize the two-point correlator (power spectrum Py, its tilt as well as the frequency at the peak) of
gravitational waves induced by the first-order Higgs perturbations. Parametrically one expects Pp ~ ’P? at
Hubble crossing and therefore one can reach values of P;, as large as 10™4; the spectral tilt is also particularly
interesting as the GW spectrum usually covers a large range of frequencies. The study of the detectability of
the spectral index of a generic GW background with energy density Qaw (f) = A(f/f«)™* can be found in Ref.
[4] as a function of the frequency at the peak. For a signal peaked at f. ~ 0.05 Hz and A ~ 107'2 one could
constrain ny < O(1) and ny > O(7);

2. calculate the three-point correlator (bispectrum Bp,) of the gravitational waves induced by the first-order Higgs
perturbations. Parametrically one expects By ~ 79? at Hubble crossing. The detectability of a non-Gaussian
signal in the primordial gravitational waves at interferometers is discussed in Ref. [18] and LISA should be
sensitive to it. This is of fundamental importance since a consistency relation between the three-point and the
two-point correlators may represent a way to distinguish the origin of the signal.

We will see that

1. the energy density Qqw of the GWs generated by the Higgs fluctuations is typically of the order of 1078 at the
peak. The latter is reached at frequencies ranging from 10~2 to 10 Hz. This should allow either LISA or ET
and Advanced-Ligo to detect the signal. Furthermore, as the frequency at the peak depends sensitively on the
Higgs and top mass, this will provide complementary and fundamental information to be crossed with the ones
provided by colliders with the possibility of either confirming or ruling out the origin of the GW signal,

2. the spectral index of the signal will have a characteristic behaviour: blue with np ~ 3 for frequencies below the
peak, and red with np ~ —0.6 for frequencies above the peak frequency;

3. the bispectrum, in the case in which the two-point correlator is detectable by LISA, is mainly peaked in the so-
called folded and equilateral configurations. Summing up all polarisations we find the characteristic consistency
relation (k1kok3)? By, ~ 103 732/ % This consistency relation should be relevant when identifying the origin of a
detected signal and possibly give the chance to connect it to the idea that the very same Higgs fluctuations have
originated the dark matter under the form of PBHs.

1 For a frequency at the peak of fomp ~ 7.7 - 10717 Hz, present CMB data already provide an upper bound on the amount of GWs,
98%3, generated during inflation and one can write the GW energy density Qaw = Qg%B(f/fCMB)”T, being ny the spectral tilt. A

limit of n < 0.35 can be obtained for the best LISA configuration with six links, five million km arm length and a five year mission [4].



The paper is organised as follows. In section II we describe the equation of motion for the GWs and its solution; in
section IIT we compute the power spectrum of the GWs, while their bispectrum is calculated in section IV. Numerical
results are found in section V and in section VI we conclude. The paper contains also various Appendices with extra
useful material.

II. EQUATION OF MOTION AND ITS SOLUTION FOR GRAVITATIONAL WAVES

Our goal is to evaluate the amount of gravitational waves produced during the radiation phase by the SM Higgs
perturbations which in turn owe their origin to the previous period of inflation. The correct formalism to evaluate
the contribution to the generation at second-order of tensor modes from first-order scalar perturbations has been first
discussed in [19-22]. The first two parts of this section follow quite closely the notation of Appendix A of [24]. Our
convention for the signature of the metric is (— + ++), so that the perturbed metric in the conformal Newtonian
gauge reads

1 ] .
ds? = —0,2(1 + 2@)(1772 + a? |:(1 - 2\11)(51']‘ + 2h1]:| dz'da’, (12)

where ®, ¥ are the Bardeen potentials and the tensor perturbations h;; are transverse and traceless: 0;hi; = hi; = 0.
In absence of anisotropy in the stress-energy tensor, we have ® = ¥ (including stress gives only a small correction

[22]). Furthermore, one can rewrite h;; in terms of the basis {eH) e(x)} of polarisation tensors as follows

ij o %ij
dgk ik-x
hij(n,x) = / G el 06+ W el (9] . (13)

The polarisation basis is given by

€D(k) = — [eil)e; (k) — e(k)e; ()], (14)

ij

ij

[ei(k)e; (k) + €i(k)e; (k)] (15)

where ¢;(k) and €;(k) are two three-dimensional vectors orthonormal to k, and the normalisation factor guarantees
that eg;_)egj) = egjx)egjx) =1, eg;_)egjx) =0.

Equation of motion of GWs

The equation of motion for the GWs is obtained by extracting the tensor component of the Einstein equations expanded
up to second order in perturbations

hij + 2HR; — Vhiy = —AT55"™ S, (16)

where ’ denotes the derivative with respect to conformal time, H = a’/a is the conformal Hubble parameter, S, is
the source term defined below in Eq. (22). The projector 7;;'™ acting on the source term selects its transverse and
traceless part. We define it in Fourier space (and use ~, when needed, to denote quantities in the conjugate space) as

T () = ef) (1) €D (k) + e (1) 0™ (k). (17)
Our convention for the Fourier transform is the following;:

3 o~ .
Spm(1,%) = / %slm<n,k)ezk'x, (18)

so that the equation of motion (16) reads, for each polarisation mode s = (+), (%),

e () + 21 by () + K2hi(n) = S§*(n, k), (19)



where 8%(1, k) = —4 5™ (k)S;m (1, k). The method of the Green function yields the solution

W = [ oo i) S (20)

where the Green function gi(n,7) for a radiation-dominated (RD) Universe is

ety = RO g, g (21)

0 being the Heaviside step function.

The source term for GWs

The source term gij for GWs appearing in Eq. (16) arises at second order in the scalar perturbation ¥ [19]

4 o’ o’

where w is the equation of state of the fluid permeating the Universe at a given epoch. Since the generation of GWs
occurs mainly when the relevant modes re-enter the Hubble radius, which for the modes of our interest happens deeply
into the RD era, we specialise to w = 1/3. We rewrite the source in Fourier space, introducing

@(n,k) = /dgx U(n,x) ek (23)

so the right hand side of Eq. (19) becomes (we omit the temporal dependence for brevity)

Ss d3p 5,17 - - J; 1= J; 1=
S0 =1 [ e (s (20T k- p) + (30 + ¥ 0)) (e p)+ k)| 2)
The expression inside squared brackets is explicitly symmetric under the exchange of p and k — p.

The scalar perturbation ¥(n, k) is directly related to the gauge invariant comoving curvature perturbation by ¥ = %Q
[12]. We define then the transfer function T'(n, k) through the relation

B(1, ) = 2T (0, )Gk, (25)
and its expression is given in the RD era by
Tl) = TChn), T(2) = 5 [“(/ﬁfg’ —i (20
We can rewrite the source term (24) as
S04 = 5 [ s ek pf o e~ pla) Gk ) (27)

where we have introduced

%pz sin?@cos2¢ for s = (+),

e’(k,p) = es’ij(k)Pz‘pj = { (28)

%pQ sin?@sin2¢ for s = (x),

where (p,6,¢) are the coordinates of p in a spherical coordinate system whose (Z,9,%) axes are aligned with
(e(k),e(k),k), and

Flkasban) = 4 |20 k)T k) + (T0k) + 3Tk ) (T k) + 5,7k )| (20)



A compact expression for GWs with a numerical integration over time

Let us rewrite the solution for the GWs hj.(n) by collecting the results of (20), (21), (27)

T _sin cos(kn) — cos sin 3
(o) = [ a o s B iy & [ R o) - SIS~ ) =

9

9]

3 n
5 | o GepIcIctic— p) | [k (k) (i) cos(h) — costio)sin(k)) o~ pl7D) (30
where we have expressed the scale factor in terms of conformal time during RD, a(7)/a(n) = /7.

The tensor modes begin to be generated at the time at which the wavelength 1/k re-enters the comoving Hubble
radius. The transfer function (26) decays as n~2, so that the generation of tensor modes is completed within a time
which is a few orders of magnitude larger than k=!, around n ~ O(103)k~!. Therefore the extrema of the integral
over 7] in Eq. (30) are 77 = k=1 and the current time 1 > O(103)k~!, so that we can approximate it to 77 — oo.

The dimensionless expression contained in square brackets in Eq. (30) can be computed analytically, in order to
facilitate the calculation of the two- and three-point functions. We denote

P | St
k’ k7
and we use the dimensionless time variable 7 = k7, and we input the Hubble rate H = aH = ! during RD. We can
then rewrite Eq. (30) as

(31)

s 4 dBp 1 )

) = 5 [ sy ek PICRIC e — B) L. 9) cos(lon) + Z. . ) sini)|. (32)
9/) (2m)3 k3n

where we have introduced two functions, Z. and Zg, that can be computed analytically (the reader can find the

analytical result in Appendix D)

I(z,y) = /OO dr7(—sinT) - 4{27'(957)7'(y7) + [T(:ET) + a7 T’(am')} {T(yT) +yT ’T’(yT)} }, .
' 33
Ty(z,y) = /1 dr 7(cosT) - 4{2T(x7)7’(y7) + [T(m) e T’(m)} [T(yT) +yr T/(yT)} }

The domain in the (z,y) plane is shown in the left plot of Fig. 2: it consists of the configurations allowed by the
triangular inequality applied to the triangle formed by the vectors k, p, k — p, and is given by

(z+y>DA(+1>y)A(y+1>a). (34)

It is useful to introduce two auxiliary variables (d, s) in terms of (z,y), which simplify the expression of Z.., Z; for the
purpose of an analytical integration,

d=—zlo—ul 5=ty (43 €0.1/VEx 1V +) (35)
This redefinition of domain is illustrated in Fig. 2.
The result for the analytical calculation of the integrals Z., Z, for each point (d, s) is shown in Figs. 3 and 4.
We observe that the numerical value of Z.(d, s), Zs(d, s) is nearly independent of d = |z — y|/v/3. More interestingly,
the integrals Z., Z, are spiked for a value of s ~ 1 corresponding to p + |k — p| ~ v/3k. The reason for this is that the
integrands of Z. and Z, are products of trigonometric functions of 7 times a rational function of 7, and the oscillating
behaviour determines cancellations in the final result. Only for p + |k — p| ~ v/3k there appear some terms in the
integrand with the square of a trigonometric function and thus with a definite sign, and this increases the final result.
Notice that the factor v/3 is simply due to the factor \/w appearing in the arguments of the transfer function of
Eq. (26), and not to geometrical reasons.

III. THE POWER SPECTRUM OF GRAVITATIONAL WAVES

In this section we present the generic derivation of the two-point function and the power spectrum of gravitational
waves. This result has been already derived and exposed in Refs. [19-22]. The goal of the present section is to match
it with our notation, and to prepare an analogous derivation of the three-point function of GWs in the next section.
In section V we will use the formulze obtained here to calculate the power spectrum and the three-point function of
GWs generated in our scenario.
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FIG. 2: Domain for the variables z = p/k, y = |k — p|/k allowed by the triangular inequality, superimposed with the
(d, s) coordinates defined in Eq. (35).
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FIG. 3: 3D plots of Z. (left plot) and Zs (right plot), defined in Eq. (33), as a function of (d, s) (Eq. (35)).

Two-point function of GWs

We begin by writing the definition of two-point function, with the use of Eq. (32)

2 3 3
(n" (0, k1)h* (0, k2)) = (g) / ((;:)13 / ((1275)23 ki”klg’fﬁ er<k17Pl)es(k2ap2)<C(P1)C(k1 —p1){(p2)¢ (k2 — P2)>'

- [cos(kim)Ze(w1,y1) + sin(kin)Zs (21, y1)] [ cos(kan)Le(w2, y2) + sin(ken)Ls(x2, y2)],

(36)

where z; = p;/k;, y; = |k; — pi|/ki. To evaluate the four-point function of the curvature perturbation ¢ we proceed as
usual, noting that at leading order it is a Gaussian variable defined by the dimensionless power spectrum P,

71'2
(C(k1)C (ko)) = (2735 (ky + k2>2,€—§,7><<k1>, (37)
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FIG. 4: Behaviour of the integrals Z., Zs, defined in Eq. (33), as a function of s (Eq. (35)), for the two extremal values of

d=|a—yl/V3.

and the four-point function of ¢ of the first line of (36) has two possible non-vanishing contractions for ki, ks # 0. The
two contributions give the same result, given that they correspond to each other up to a shift ps — (kg — p2), which is
a symmetry of Eq. (36), see Appendix B for details. We can evaluate then Eq. (36) for any of the two configurations,
and multiply the final result by 2. After integrating over po one gets

. , AN By 1 , 22 2x?
B (n, k)R (n,ke)) = (2m)26@) (ky + k 2() /——ék, e*(ki,p1)— ——
(A" (n, k)h®(m,kz2)) = (2m)°67 (ks + ko) -2 & (@) ko2 (ki p1)e’(ki, p1) 7 Tk —piP
- Pe(p1)Pe(|ki — pal) [ cos® (kin)Ze(@1, y1)? + sin® (k1) Zs (21, y1)” + sin(2k1m) L (21, 1) Zs (21, 91)] . (38)

Let us refer to a system of spherical coordinates (p1, 0, ¢) oriented around the axis ky, and denote z = z1 = p;/k1,
y =y1 = |ki — p1|/k1. In these variables one has p; = (kyz,cos™* ((1+ 2% — y?)/2z) ,¢). We perform the following

change of integration variables
y 27
/d3p1 —>k§// dxdyx%/ do, (39)
7 T Jo

where .7 is the infinite strip shown in Fig. 2. The integral over ¢ can be easily solved analytically, and selects only
some of the possible couples of polarisations (r, s) to give a non-vanishing result. With the use of Eq. (28) we obtain

27 k4 14 22 — ¢2)2 2
dge”(ki,p1)e’(ki, p1) = ?1934 [1 - (xy)} R (40)

0 422

By collecting the results of the last three equations we get the final expression for the two-point function of GWs:

272 N2 1 x? (1+ 2% —y?)? 2
r s _ 35(3) rs = o .
(h"(n,k1)h%(n, ko)) = (2m)°6 (ky +k2)—k% 0" 2 (9) 7]{%772 //ydacdy—&/2 [1 - ]
- Pe(krx)Pe(kry) [ cos® (kan)Ze(x, y)? + sin® (k1n)La(z, y)? + sin(2k1n) Lo (2, y) Lo (z,y)]. - (41)

The integrand is explicitly symmetric under exchange of z and y. From Eq. (41) and the definition of the power
spectrum of GWs

(h" (1, k1)h*(n,k2)) = (2m)°6® (ks + ko) 7 2;?73,1(1@1) (42)
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we can extract Pp(n, k):

Ph(n» k)

z? (142%—y?)? ? 2 2 2 2 |
dz dyy—2 1-— PR Pg(kx)”PC(ky)[cos (kn)ZZ + sin”(kn)ZZ + sm(an)ICIS}, (43)
7

_ 1
81 k22
where for brevity we do not write the arguments of the functions Z.(z,y) and Z(z, y), defined in Eq. (33) and plotted
in Figs. 3 and 4.

The energy density of GWs

In this section we derive the expression for the energy density of GWs, and its fraction Qgw relative to the critical
energy density. The energy density of GWs is [25]

pove (%) = 1 (00,7 4 5V ) = 1 (V). (a4)

where the overlines denote an average over time. This expression for the energy density can be rewritten in terms of
the power spectrum of GWs as follows

pew(n) = [ dinkpow(n.b). (45)
m2 [
k)y=-L{(—— k). 46
por(n) =" () P (16)
We can then define the density parameter of GWs per logarithmic interval of k,

pcw (1, k) 1( k )2
Qaw(n, k)= ———"——=— | =—— | Prln, k). 47
W= 2\ PP 1)

The expression for the power spectrum that we have computed in the previous section holds only during the RD era.
The energy density of GWs decays as radiation, so we can easily estimate the fraction of energy density of GWs in
terms of the current energy density of radiation 2, and Qqw(nys, k) at a generic time 7y towards the end of the RD
era:

Q0 k2
24 H(ny)?

QGW(TI(N k) = QT,O QGW(T]fa k) = Ph(nf7 k) (48)

We can collect the results of Eqgs. (43) and (48), plug #H(ns) = 1/ny (valid through RD), and perform a simplification
for the average over time justified by the fact that kn > 1

2 in? 1 1 in(2
cos (2k‘77) _sin (214;77) 11 sin( 2k:n) ~0. (49)
n U 2n? n
We finally obtain the current energy density of GWs
x? 1+ 2% —
Qaw(no, k 972 / dz dy [1 — (4—y) Pe(kz)Pe(ky) [Ic(x, y)? 4 Ty (x, y)2] ) (50)

IV. BISPECTRUM OF GRAVITATIONAL WAVES

In this section we compute the bispectrum (three-point function) of GWs. Let us start from the solution (32) for
GWs, and write the three-point function as

3 3 3 3
syt = (5) | G5 [ s [ o gt e ey

' <C(P1)C(k1 —Pp1)¢(p2)¢(k2 — p2)¢(p3)¢ (ks — p3)> [cos(kin)Ze(x1,y1) + sin(kin)Ze(x1, p1)]-
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FIG. 5: Geometrical configuration for the contraction (z) of the 6-point function of ¢ written in Eq. (B.5).

- [cos(kan)Ze (22, yo) + sin(kan)Zs (x2, y2)] [ cos(kan)Ze(w3, ys) + sin(ksn)L(x3,y3)],  (51)

where z; = p;/k; and y; = |k; — pi|/ki- The details of the calculation of the six-point function of the curvature
perturbation ( are given in Appendix B. We have eight possible contractions for k; # 0 that yield the same contribution
to the bispectrum. We can evaluate the three-point function for any of these configurations and multiply by eight the
result. The three-point function (51) becomes then (we understand that ps = p1 — ki, ps = p1 + ks, and y; = z2,
Y2 = T3, Y3 = T1):

4\3 1
(h" (1, k1)h* (0, ka)h' (0, ks)) = (27)30®) (ky + ks + k3) 8 (9> 7r3/d3p17k3k3k3 5
1RaR3M
Pe(p1) Pe(p2) Pe(ps) P1 D2 . P1 D2
ce"(k s (k t(k < kim)Ze | 22,22 (2,2
e"(ki, p1)e’(ka, p2)e(ks, p3) P P P cos(k1n) T + sin(k1n) Kk

P2 D3 . P2 D3 P3 Pi . P3 p1
~ T ( 22,2 ) +sin(kon)Z, 22, 22 o (2250 ) 4sin(ksn)Z (22,22 )|, (52
|:COS(]€2’I7) c <k2, k2) S1 (k’g?’]) s (kQ, kQ):| |:COS(]€3’I’]) c <k37 k3> S1 (kg?’]) s (k37 k3>:| (5 )

The polarisation tensors defined in Eq. (28) involve the angles 6;, ¢; (shown in Fig. 5 for ¢ = 1) which identify p; in
spherical coordinates around the axis k;.
With reference to Fig. 5, the vectors k; in blue are given and we can choose a reference frame such that

kl = (kla:; klya 0) 9 k2 = (k2(v7 k2y7 0) 9 k3 = (_k37 0; 0) 5 (53)

the quantities ¢, 7, and « in green are a convenient choice of cylindrical coordinates as integration variables,

+oo —+o00 21
/ d®py — / de / rdr / do; (54)
—00 0 0

the quantities marked in red give the expressions to plug in Eq. (52),
p1 = (rcosa,rsine, l), ps = (—kiz +rcosa, —kiy+rsina,l), ps=(ks+rcosa,rsina,?),
i kil° Ok, (55)
k2 o= Ipi x kil

7

2 2 2
p; sin® 6; = p; —

Egs. (52), (28), and (33), with the replacements listed in (53), (54), (55), contain all the ingredients for the numerical
calculation of the bispectrum of GWs.

Out of the eight possible polarisations (r, s, t) of the three-point function, four of them vanish due to parity arguments
applied to the polarisation tensors, in analogy to what happens for the two-point function, see Eq. (40). Among the
terms contained in Eq. (52), the only ones which are odd under the parity transformation ¢ — —¢ (that is, a parity
transformation with respect to the plane containing ki, ko, k3) are the polarisation tensors e*, and all other terms are
even. This implies that the only four non-vanishing polarisation combinations for the three-point functions are

(++4), (Fxx), (xX+x), (xx+) (56)
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V. NUMERICAL RESULTS FOR THE ENERGY DENSITY AND BISPECTRUM OF GWS
Energy density of GWs

We devote this section to the results of the numerical integration for the scalar power spectra P¢ (k) obtained for a few
illustrative cases of the mechanism discussed in [11] and summarised in the Introduction. We rewrite for convenience
the energy density of GWs of Eq. (50) in terms of the variables (d, s) defined in Eq. (35) as

2 2
dd/ [ _13/23)_(22 1/3)} P (sz< +d>> 7’<<kf( d)> [Zo(d. )* + L.(d, 5)°] .
(57)

Qaw(no, k)

where the functions Z.,Z are defined in (33) and are plotted in Figs. 3 and 4.

We consider the running of the quartic Higgs coupling A for some sample points in the parameter space (myop, MHiggs)
denoted by the number of standard deviations from the measured central values. We have taken the current LHC
combination mpiges = 125.09 £ 0.24 GeV [27] and myop = 172.47 + 0.5 GeV [28]. The corresponding running of the
quartic Higgs coupling A is shown in Fig. 6.

oot T T T T T T T T T T
E\\ m‘((',g)., m%{’f')s _
0.03F 8\
0.02r
3 i
< 0.01f
0F
—0.01F
106 108 1010 1012 1014 1016 10

h [GeV]

FIG. 6: Running of the quartic Higgs coupling A for the following Higgs and top masses: mpjggs = 125.09 £ 0.24 GeV
and miop = 172.47 £ 0.5 GeV.

Each of these points defines therefore a different Higgs potential, for which we run an evolution of the Higgs field
completely analogous to what was described in Ref. [11], by keeping a fixed Hubble rate H = 10'? GeV. This
evolution leads to the creation of PBH during the radiation dominated era, with a peak in the mass function for scales
of the order of k., the mode that leaves the Hubble radius at the time ¢, when the classical evolution of the Higgs
field starts, as described in the Introduction. The corresponding P¢ has basically the same shape in all these cases,
and what changes is the reference scale k. for the enhancement of the power spectrum as we show in Fig. 7.2

The final result for the power spectra of GW is shown in Fig. 8, together with the comparison with the projected
sensitivity of proposed future experiments. The sensitivity curve for LISA is estimated on the basis of the proposal
[29]: the proposed design (4y, 2.5 Gm of length, 6 links) is expected to yield a sensitivity in between the ones dubbed
C1 and C2 in Ref. [30]3. We also include the projected design sensitivity for Advanced LIGO + Virgo from Ref. [31],

2 If the same mechanism is supposed to give rise to PBHs, then these power spectra yield a final abundance Qpgpn/Qcpwm ranging between
10~2 and 10! when no accretion is included [11].
3 We thank G. Nardini for clarifying discussions about this point.



13

004 LR | LALLM | LALLM | LALLM | LALLM | LALLM | ALY | LERLRALLY |
B m(m) m(”.")
F top > "'Higgs
0.03[ \ F ]
L | \ P
\ oot
—~ I ’ \ _-: _'. ““' ‘.
= i I N M ]
& 0021 | S
- I i i
L | ; i
- | D
0.01F I A N i
L | :. ; | \
I / Y i ]
[ / '.'. I'I / :,- ~= . ~_;}‘ o -
0 cnd it it e i i it TS
10> 106 107 10% 10° 10 10M 10'2 10 10M

k [pe™']

FIG. 7: The power spectrum of the comoving curvature perturbation during the radiation phase obtained in Ref. [11] for
the following Higgs and top masses: mijiggs = 125.09 £ 0.24 GeV and myop = 172.47 £ 0.5 GeV.
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FIG. 8: Power spectra of GWs for the scalar power spectra generated by the mechanism discussed in Ref. [11], compared
with the estimated sensitivities for LISA, the Einstein Telescope, and the design sensitivity of Advanced LIGO + Virgo.
The Higgs and top mass values are mpyiggs = 125.09 £ 0.24 GeV and mop = 172.47 £ 0.5 GeV.

and the estimated sensitivity for the proposed Einstein Telescope (ET) [32].

The GW power spectra are shown for different combinations of the values of the Higgs and top masses where the
symbols mgi[;g? and m%pm) indicate their values +no away from their central values. A GW power spectrum for
values of the Higgs boson mass muiges = 125.09 GeV (the current central value) and myo, = 171.47 GeV, is well
within the reach of LISA. To relate the amount of GWs and the PBH abundance at formation following the proposal
in Ref. [11], one can use the relation Mppg ~ 50M(10~°Hz/f)?. In Fig. 8, we have used that relation to translate
the frequencies of the GW signal in terms of the peak mass of the PBH distribution.

One fundamental information to be drawn from Fig. 8 is that the frequency at the peak depends in a sensitive
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way on the Higgs and top masses, ranging from 1072 to about 10 Hz, see Table 1. Therefore, according to the Higgs
and top masses, the signal falls either within the LISA or the ET and Advanced-Ligo sensitivity curves. This implies
that a detected signal can be cross-checked with the information obtained through colliders, thus either confirming or
ruling out its Standard Model origin.

We draw the attention of the reader that our results for the GW power spectra in Fig. 8 are sensitive to the value
of the Higgs field at the beginning of its classical dynamics. A per mill change in such a value can lead to variations
of the power spectrum of the curvature perturbation by (2 — 4) orders of magnitude. However, from Fig. 8 it is clear
that we can still afford a change in P, of three orders of magnitude.

The spectral tilt of GWs at low and high frequencies

As we have mentioned in the introduction, the spectral tilt of the GW spectrum is a very interesting observable as
GWs cover a large range of frequencies. For instance, writing the GW energy density as Qgw = QEWE(f/ foms)™T,
being nr the spectral tilt and fomp ~ 7.7 - 10717 Hz the CMB frequency, a limit of ny < 0.35 can in principle be
obtained for the best LISA configuration with six links, five million km arm length and a five year mission [4].

If the scalar power spectrum P (k) is vanishing or negligible for k smaller than some scale k., and approximately
constant for k > k. as in our case, then at small k& we have Qgw ~ k3. Indeed, in this case P¢(kz) in Eq. (57) for
k < k. selects s > 1/k in the integral over s, so that the tail at high s of Z. 5(d, s) is peaked up and it goes as 1/s?
(see Fig. 4). The resulting overall integral is therefore of order

/ ds pe (58)

As for the spectral tilt at k > k., the integral over s in Eq. (57) is peaked at s ~ v/3 due to the spike in Z.. ,(d, s) (see
Fig. 4) and the dependence on k comes from P (kx)P¢(k(v/3 — x)) which has a spectral tilt equal roughly to twice the
spectral index of P;. In our case, P¢(k) ~ k7235 and Qgw (k) turns out to go as ~ k=6, For a narrow scalar power
spectrum P, (k), we would expect by similar arguments a spectral index ~ +4 at small k£ and a quite sharp cutoff at
high k.

The final parametrisation of the GW spectrum induced by the Higgs fluctuations is therefore

Qow(f) ~3-10°° <J{> with ng — { 20.6 g ; N ji . (59)

migy mii, f-(He)
(00) (—20) 40.0
(0c) (00) 218
(00) (+1o) 13.0
(00) (+20) 7.74

(=1o) (00) 2.02
(=1lo) (+10) 0.80
(=20) (00) 0.015
(—20) (+10) 0.0038

TABLE I: Values of fi defined in Eq. (59) for each of the cases considered in Fig. 8.

The values of f, for the cases we consider are listed in Table I. The parametrisation of Eq. (59) is useful to deduce
its detectability by LISA. The investigation of a generic GW background whose energy density is parametrised as
Qew(f) = A(f/f«)™ can be found in Ref. [4] where it was imposed that the signal-to-noise ratio is larger than 10,
see Fig. 2 of Ref. [4]. It seems that for the case of Higgs mass muiggs = 125.09 GeV and myop = 171.47 GeV not only
the amplitude of the gravitational waves from Higgs perturbations, but also its spectral index can be measured with
accuracy, opening the possibility of a full identification of the underlying mechanism.

Were GWs found, the value of the frequency f. would allow to identify the approximate position of the instability
scale A; of the Higgs potential, defined by V(A;) = 0. The instability scale A; can be identified by the relation

g (LT
Ap=3-10M (o GeV. (60)
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We stress that this relation is robust in the sense that the frequency changes very little even when the overall amplitude
of the GW signal decreases due to a variation of the initial condition of the classical Higgs field. It is remarkable that
a measurement of the frequency of the GW signal can be directly related to such a high energy scale.

The three-point correlator of GWs and its consistency relations

In this subsection we present our findings for the three-point correlator of the GWs. As mentioned in the introduction,
the community has already started discussing the detectability of such non-Gaussian signal at interferometers [18].
The ultimate reason for measuring the GW bispectrum is to exploit the correspondence between the three-point and
the two-point correlators in order to discriminate the different mechanisms which give rise to a GW signal hopefully
measured by LISA.

We define the dimensionless bispectrum Bj**(k;, ko, k3) (the temporal dependence on 7 is understood) as

(B (n, )" (1, ko) (1, ks)) = (2m)°01%) (ki + Ko + kg) By (i, ka, ko). (61)
We also define a normalised shape S} (ky, ko, ks) in order to cancel the time scaling of GWs as 1/ [see Eq. (32)]:
By (k1 ka, k)
/P (k1) P (k2)Pr(ks)

where Py, (k) is the dimensionless power spectrum defined in Eq. (42). As for the oscillatory behaviour of the two- and
three-point functions, we consider their envelope in time. We replace then the oscillating function in squared brackets
in the solution (32) by its envelope

Srot(ky, ko, k3) = k¥kak3 (62)

Lo (z,y) cos(kn) + Ls(x, y) sin(kn) — /Ie(x,y)? + Ls(z, y)?, (63)

both for By, and P, in Eq. (62).

We show the numerical results for the bispectrum by fixing the value of k3 and by ordering the momenta as
k1 < ko < k3. Figs. 9 and 10 show contours of Sp(ky, ks, ks) in the plane (k;/ks, ka/ks3) for two values of ks close to
the maximum of P¢(k) (shown in Fig. 7). We choose the case (mﬁgj ’), 771&];;);5)7 as it falls into the window detectable
by LISA, but we notice that the result is identical for the other cases, given that the shape of the power spectrum is
identical, up to a rescaling of the momenta (k1, k2, k3). We also notice that the normalised shape defined in Eq. (62)
is invariant under rescaling of the scalar power spectrum P¢(k). In Fig. 9, together with the separate plots for each
polarisation, we also show their sum in the lower two plots, both with contours and with a three-dimensional plot.
From these numerical results we observe several features. First of all, we remind the reader that there are traditionally
several configurations one can analyse: the local one where the signal is peaked for squeezed configurations k; <
ko ~ ks; the equilateral configuration peaks for equilateral configurations k1 ~ ko ~ ks for which the strongest
correlations between fluctuation modes happen when they cross the horizon approximately at the same time; the folded
configuration for which the signal is boosted for k1 + ko ~ ks3; and finally the orthogonal configuration (k; ~ ko) which
creates a signal with a positive peak at the equilateral configuration and a negative peak at the folded configuration.

The signal is peaked in different configurations according to the polarizations. There seems to be however a
tendency of the signal to peak for folded and equilateral configurations. This does not come as a surprise as the GWs
are generated at Hubble crossing and the source depends on spatial gradients of the comoving curvature perturbations
and this tends to enhance the signal when the scales involved are not too different. As a rule of thumb we can propose
the following consistency relation for the largest signals

SfLL++ = O(—600) for folded configurations,

: : (64)
S;** = 0(-600) for equilateral configurations.

As for the signal summed for all the polarizations, the results are presented in the lower plot of Fig. 9. From it we
can estimate

Z Sp = O(—1000) for equilateral configurations.

pol

(65)

The bispectrum therefore offers a distinct tool to confirm the nature of the origin of the GW signal, once the two-point
correlation is measured by LISA (or other experiments).
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FIG. 9: Normalised shapes of GWs [defined in Eq. (62)] for the spectrum in the case (mégp%), ml(ggg)s). Here k3 is fixed

to be 2k, corresponding to 0.04 Hz. The upper four plots show the four non-vanishing polarisations listed in Eq. (56).
The two plots at the bottom show the sum over all the polarisations.

VI. CONCLUSIONS

In this paper we have characterized the GW signal possibly originated by physics of the Standard Model and its
inherent instability scale appearing in the Higgs scalar sector. In this sense, GW physics allows a test, albeit indirect,
of the behaviour of the Standard Model at large field values. The source of the GWs is generated by the Higgs
perturbations created during a primordial epoch of inflation and amplified during the phase in which the Higgs probes
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FIG. 10: Same as Fig. 9, for k3 = ks, corresponding to 0.02 Hz.

the unstable part of the potential.

The energy density Qgw can be as large as 1078 and therefore measurable either by LISA or by the ET and
Advanced-Ligo, the amplitude being sensitive to the initial conditions of the Higgs classical dynamics. Which exper-
iment turns out to be relevant is dictated by the frequency at the peak of the signal, which in turn depends on the
Higgs and top masses. This is indeed a bonus. The more knowledge from collider physics is collected on these masses,
the more one could confirm or disprove the hypothesis that these GWs come from Standard Model physics.

We have also characterized the signal in terms of its spectral index as well as three-point correlator. The latter is
particularly relevant as it allows to check the consistency between the three- and the two-point correlators and thus
offers a way to discriminate among the primordial mechanisms generating the stochastic background of GWs.

We close with some comments. The mechanism described in this paper makes use of the fact that we identify
our observed Universe as one of those regions which have been thermally saved during the reheating stage following
inflation after the Higgs has probed the unstable part of its potential during inflation. The choice of the parameters
might therefore seem fine-tuned. However, anthropic arguments come to the rescue as the very same dynamics might
create the dark matter of the Universe under the form of PBHs [11]. Put in other words, if the dark matter has to be
ascribed to the Standard Model, then one should also detect the corresponding GW signal.

Note added

In this paper we have calculated the amount of gravitational waves induced by the Higgs perturbations generated thanks
to the Higgs vacuum instability. This result is independent from the possibility that the same Higgs perturbations
are responsible for (a fraction of) the dark matter in the universe. Even assuming that the latter comes from physics
beyond the Standard Model, the gravitational waves can be a cosmological signature of the Higgs vacuum instability.
More comments on the PBH issue and fine-tuning can be found in Ref. [33].
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Appendix A: Dynamics of the Higgs hitting the pole

To understand Eq. (6) one solves the equation
he — AR =0, (A1)

Taking the initial conditions h(0) = kg and he(0) = ho, and using the fact that there is an integral of motion

Lo Ay Ll Ay
2hC 4hc =-F = 2/10 4h0, (A.2)
one finds the solution
he(t) = hoag cn (iﬁhoao t+en(1/ag,1/2),1 /2) , (A.3)

where cn(z, k) is one of the Jacobian elliptic functions and

oiz\ !
=(1-=9 . A4

The function cn(iz, 1/2) has poles at = = K(1/2) with residue —i/2, where

(R — (A5)
K(k :/ _— A5
0 V1 —ksin?6
Around the pole the classical value of the Higgs can therefore be approximated by Eq. (6) with
1
ty, = —— [K(1/2)+icn Y (1/ag,1/2)] . A6
b= e [KO/2) +ien™ (1 ap,1/2) (A.0)

Appendix B: Four and Six-Point Funtions of the Curvature Perturbation

Four-point function of the curvature perturbation

The four-point function of the curvature perturbation ¢ in the first line of (36) has two possible non-vanishing con-
tractions for ki, ko # 0

0 (Sl - PRIl —p2))

(i) (C(P1)S(ki = P1)(p2)C(ks —P2))  (obtained from (i) by pz — (ko — P2) )

The two contractions (¢), (#4) correspond to the configuration of momenta shown in Fig. 11. The sum of the contractions
(7) and (i7) gives

(B.1)

(<o) = P1)¢(P2)C( — p2)) =
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FIG. 11: Geometrical configurations for the non-vanishing contractions of the two-point function listed in Eq. (B.1).

o272 272

_ 65(3 3) _ 3 27
= (2m)%6®) (k1 + ko) 6@ (ko + p1 — p2) + 6@ (p1 + P2) SRE

Pe(p1)Pe(|ki — p1l).  (B.2)
The two contributions give the same result, given that they correspond to each other up to a shift ps — (ko — p2),

which is a symmetry of Eq. (36).

To check the symmetry of the whole integral under the exchange of p,k — p, it is important to observe that, for a generic function f,
/ d*pe (K)pip; f(k — ) f(p) = / d*pe* (k) (ki — pi) (b — P3) () (k —P) = / d*pe> (0)pi b;f(P)f(k—B),  (B.3)

since e®* (k) is transverse to k.

We can evaluate then Eq. (36) for any of the two configurations, and multiply the final result by 2, to get Eq. (38)
after integration over ps with a Dirac delta so that ps = p1 — ki, and ky = —k;.

Six-point function of the curvature perturbation

To calculate the six-point function of ¢ that appears in (51) we have eight possible contractions for k; # 0, listed
in Eq. (B.4). This total number of eight can be understood as the product of four choices for the contraction of
¢(p1) times the number of contractions for the remaining four (’s, that is two. All these contractions yield the same
contribution to the bispectrum, thanks to the invariance of Eq. (51) under the exchange of the subscripts 1 and 2 and
under p; — k; — p;, as shown in Eq. (B.3) and (33).

() (Spcli - 1Bl - P2)C(ps)C(ks — o)

C(Igl)C(kl — p1)¢(P2)¢(k2 — p2)C(p3)¢(ks T P3)

C(Il)l)C(kl —p1)¢(pP2)¢ (k2 — p2)¢(p3)¢ (ks — p3)

C(Tl)C(kl - pl)C($2)C(k2 — p2)C(ps)¢(ks |* P3)

C(Pl)C(kl - p1)C(II)2)C(k2 - P2)C(I|’3)C(k3 |* P3)

C(El)C(kl —p1)¢(pP2)¢ (k2 — p2)¢(P3)¢ (ks — p3)

C(Pl)C(kl i— pl)C(II)2)C(k2 - P2)¢(p3)C(ks |— P3)

C(Il)l)C(kl — p1)C(£2)C(k2 = P2)C(I|>3)C(k3 |— P3)

—
e
~—

S~ T~ S~ " T >~ ~ ~

(B.4)
(obtained from (i) by p; — (k1 — p1) )
(obtained from (i) by ps — (k3 — p3) )

(obtained from (i) by pa — (k2 — p2) )

(obtained from (i) by 1 <> 2 )

(obtained from (z) by p1 — (k1 —p1) and 1 <> 2 )

(obtained from (z) by ps — (ks — p3) and 1 <> 2 )

(obtained from (¢) by p2 — (ko — p2) and 1 <> 2 )
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In Fig. 12 we show the resulting geometrical configurations for the six momenta p;, (k; — p;), projected on the plane
of the triangle formed by the k;. Notice indeed that all the contractions result in a common factor §() (k1 + ko + k3).
The labels of the vectors are printed only for the contraction (¢) to facilitate the reading.

(i4) (i)

FIG. 12: Geometrical configurations for the eight non-vanishing contractions of the three-point function listed in
Eq. (B.4).

We can evaluate the three-point function for any of these configurations and multiply by eight the result. We choose
the contraction (i), which is equal to

(6Pt - PGB - p2)S(p)clhs o) =

3 Pe(p1) Pe(p2) Pe(ps)

I
We then proceed to the integration of the three-point function over the conjugate momenta. The Dirac deltas in
Eq. (B.5) fix the geometrical configuration of the six momenta k;, p; as shown in Fig. 5. We can integrate over dpy
and d3p3 in Eq. (51) with the last two Dirac deltas in (B.5). The result is (52) and the remaining integral in d®p; has
to be evaluated numerically.

(2m)?0® (k1 + ko + ks) (272) 6@ (p1 + ks —p3)d® (k; —p1 +p2). (B.5)

Appendix C: The final curvature perturbation in the radiation phase

In this Appendix we follow the evolution of the perturbations during the reheating phase, which we consider for
simplicity to be instantaneous (happening for instance in hybrid models in which a heavy waterfall field releases its
vacuum energy providing a fast transition from inflation to radiation), and the subsequent radiation phase. To model
the sudden transition from inflation to radiation one can imagine that the equations of motion of the Higgs and
its perturbations possess a time-dependent term taking care of the fast appearance of the plasma correction to the
potential under the form of the m2.h? term. By continuity, hc(te) = he(tru), hc(te) = hc(tRH), 0h(te) = dh(trn),
and 6h(te) = Sh(tru), where t. is the time at the end of inflation and tgy is the time at the beginning of reheating.
Assuming a fast reheating essentially amounts to saying that ¢, ~ tgy. Across this time boundary, energy is also
conserved. At the end of inflation the energy density is

Pe = Pinf T+ Phe » (Cl)

with pine = 3H?m% and pp, . = h2’6/2 + Vo(he,e), with hee = he(te). During the instantaneous reheating, pine is used
up in reheating the plasma (populated through the inflaton decays). The total energy density at tgy is

PRH = Ppl + Ph,RH - (C.2)
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In the plasma rest-frame
Ppl = W — Pa (C?))

where P is the plasma pressure (equal to minus the free-energy density) and

=T— C4

w=To5 (C.4)

is the enthalpy density. We also have pp ru = hiRH /2 4+ Vo(he,ru), with he ra = he(tru). It is more convenient

to arrange the splitting between plasma and Higgs background energies in a different way, by first separating a pure
radiation part in pp1 by writing

P=P,—Vp(h:,T) (C.5)
and
W= Wy — Taal;, (C.6)

where P, = 72¢.7*/90, w, = 2%, T*/45 and Vr(he,T) is the field-dependent thermal contribution of the plasma to
the Higgs potential. Then, we assign this potential term to the Higgs energy density and write

2
s 4 8VT 1 :
Ppl = %g*T - T87T ;  PhRH = QhaRH + Vo(heru) + Vr(heru, T). (C.7)
The reheating temperature can be obtained from p, = pry, which gives Try =~ [90/(7%g.)]"/*v/Hmp. The small
fluctuations in the Higgs background cause small fluctuations in Try. Using V@ ~ m%ih2/2 = kT?hZ/2 we get
0T ~ 15kh.Sh./(27%g.T) < Sh. By matching the fluctuations in the energy density across t, ~ trp, that is,
dpe = 0pru, We obtain

0phe = 0ppl + 0pnRH , (C.8)
or, more explicitly,
1 - o 2m2 3 2 1 ;2 1 272
4 7hc et ‘/O(hc,e) = | =—gT76T — 2T hc,RH(ShRH +90 *hc rRH T %(hc,RH) + —rkT hc RH
27 n 15 ol 2°° 2 "
1.
=9 [th,RH + Vo(hc,RH)] ) (C.9)
h

where in the last equality we have used the result for 67 above, which leads to a cancellation of the KT2h.5h terms.

Leaving aside Hubble friction, the energy density of plasma and Higgs background field are not conserved separately.
We can still split the energy conservation equation pior = 0 in a plasma and a Higgs one, taking into account Higgs
decays into the plasma and write

pn = (0pn/Ohe)he = (Ohe + V' )he = —ynh? | (C.10)

with V = Vo + Vr, and ~, ~ 10737 the Higgs decay width, while pp = —l—’yhhf. The right-hand side in Eq. (C.10)
introduces a friction term in the equation of motion for the Higgs field that is initially subleading in comparison
with the Hubble friction term that it should also include, but is important for the late time behaviour of the Higgs
condensate.

Having understood how to properly deal with the perturbations of the Higgs coupled to the plasma at a given
temperature T, we are now ready to deal with their behaviour in the radiation phase. Introducing Hubble friction
and neglecting the decay term we write the equations of motion of the classical value of the Higgs and its linear
perturbation still in the flat gauge as

hc+?thc+m%hc = 0,

|
e
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Notice that in the radiation phase the temperature scales as

aRH) (C.12)

T = Tru (—
a

and the scale factor follows the rule a = ary(t/tru)'/?, so that H = 1/(2t). One finds

t 2h(tru)tru + h(tru) .
he(t) = h(tru)\ /%cos [2m7gy, (Vitr — tru)] + ( QR:@)TRH\/ﬁRH)SID [2my (Vitrn — tru)] (C.13)

and dh, tracks h.. Up to fast oscillations the classical Higgs field scales like

he(a) ~ = ~T (C.14)

and one can show easily that averaging over the fast oscillations one gets (hg} = (m2h2), so that

J— . 1 .
pn = hche +mihehe + 5m%h‘g’ = —3Hh? — Hm3%h?2, (C.15)

and upon averaging one gets
ph = —4th. (016)

The Higgs before decaying behaves therefore like a relativistic fluid. One obtains also (still in the flat gauge)

Ph = phn+0pn1 = m%hz + 2m2ThC6h1, (C.17)
so that
6ph i 5h1(t) 5h1(tRH) (5/11 (te)
= =9 =2 =2 , C.18
Ph hc(t) hc(tRH) hc (te) ( )

where in the next-to-last passage we have used the fact that dh; is tracking h. and in the last passage the continuity
in the Higgs sector. We have therefore that upon Higgs decay and using dpp,1 = —4Hpp 1,

5P1 (tdec) 5Ph, 1 (tdcc) Th (tdcc) 5Ph,1 (tdcc)

- t ec = H N - HT 4 ec N = -
Cl( d ) p(tdec) h( d ) ph(tdec) 4 ph(tdec)
Th (tdec) ohy (tRH) Th (tdec) ohy (te) Th(tdec) ilc (te)
pu— _— = — = - ) e ) .1
2 heltnn) > he(ts 2 Hhe(te) (1) (C.19)
where we have made use of the fact that during inflation
Gy = B gl (C.20)

Ph he

In particular, notice that (j during inflation does not coincide with the value during reheating, ¢, ~ (6h1/2h.),
signalling that (; is not conserved during the transition. This is not surprising, as the Higgs interacts with the hot
plasma to suddenly acquire a plasma mass and therefore is not an isolated fluid. The final power spectrum reads

. 2
3 r2 2
Pg(tdec) - ;?‘Ck(tdeC)F = h(ideC) (217{1_) <h(:flc)(}t:)(tk)> . (021)

Appendix D: Analytical results for the functions Z.,Z;

We write down the analytical formule for the integrals Z.,Z; defined in Eq. (33):

I.(d,s) = 288 3{ [201 + 5+ d2)51] ssins — [201 +(5+ 52)51] dsind

(2 — @)
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+ [+ d*)er + (5+d* — 25%)s1] coss — [(1 + s?)c1 + (5 + s> — 2d%)s1] cosd
1
+ 5 (6 & = 22 [Si(1 + d) + Si(1 - d) — Si(1 - ) = Si(1 +5) = (s — 1)] } ., (D.1)
where ¢; = cos(1) ~ 0.54, s; =sin(1) ~ 0.84 and Si(z) is the sine integral function;

LSSQ)S{ [7281 + 5+ dz)cl] ssins — [7231 + 5+ 52)01] dsind

Is(dvs) - (d2 _

+ [-(1+d*)s1 + (5+d* —2s*)er] cos s — [—(1 + s%)s1 + (5 + s° — 2d*)ey] cosd
+ é(SQ +d? —2)?[Ci(1 4+ d) + Ci(1 — d) — Ci(]1 — s]) — Ci(1 + )] } , (D.2)

where Ci(z) is the cosine integral function.
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